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Abstract: The characteristic asymptotic fields at the tip of sharp, semi-infinite cracks and
notches are first compared with corresponding features present in selected finite bodies
(edge cracks and notches). This gives an explicit view of the gradual divergence of the semi-
infinite and finite problem solutions as the observation point becomes remote from the tip.
Hence, upper bounds for the local plastic zone to be characterized by the singular field are
known. Asymptotic solutions for semi-infinite rounded features are introduced, whose remote
fieldsmay bematched to the sharp singular fields through themediumof the corresponding gen-
eralized stress intensity factor. Thus the semi-infinite sharp and rounded problems converge
remotely but diverge as the apex of the feature is approached. This comparison sets a lower
bound for loads at which the outer boundary of the plastic zone is characterized by the singular
field. Thus, the range of loads for the plastic zones to be controlled by the singular solutions are
derived. We then proceed to compare critically the nature of the semi-infinite sharp notch and
semi-infinite crack states of stress, defining the circumstances in which these are alike.
All these elements considered together enable the closeness of various notch plastic zones to
that of the classical semi-infinite crack to be gauged.
Keywords: notch intensity factor, crack-tip intensity factor, edge notch, edge crack, notch
blunting
1 INTRODUCTION
The question addressed in this article is ‘in a finite
body, when does the plastic process zone at the tip
of a sharp or rounded notch resemble that at the
tip of a sharp crack, and with what degree of fidelity?’
It is prompted by the considerable body of work
present in the literature, and is devoted to analyses
quantifying the development of very short cracks.
A comprehensive review is not possible here, but
significant contributions have been made by El
Haddad et al. [1], Smith and Miller [2], Taylor [3, 4],
Taylor and O’Donnel [5] and Atzori and Lazzarin
[6]. An underlying theme developed in the argu-
ments presented in these articles is the role of var-
ious length scales in the initiation process, and
several of the attempts to produce a unified theory
of initiation, based on both classical stress range
(Wo¨hler) ideas and fracture mechanics (short-crack
growth threshold) ideas, introduce a notional
length parameter in the correlation. An example of
this is the El Haddad approach, where the length
scale parameter is used unashamedly as a fitting
coefficient. The first overlap between the studies of
notches and cracks is due to Smith and Miller [2]
who showed that, in the presence of large features
and for high values of stress concentration, sharp
notches can be treated as cracks. Only in the late
1990s were attempts made to unify the existing
theories dealing with notches and cracks by Taylor
[4] and Atzori and Lazzarin [6]. Their theoretical
models show good prediction capabilities but still
rely on length scales whose meaning is not fully
understood, even if well justified by experimental
evidence [5]. In this article, we will attempt to
apply physical reasoning to some of the length
scale parameters involved and show their relative
significance. Needless to say, the ideas proposed
will work only within a certain range of the intrinsic
physical length scale ranges found in practice, and
these will be determined.
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In many of the short-crack articles, there is an
implied but unclear connection made between the
behaviour of a stress-raising feature as a simple
local stress concentrator and a stress intensifier;
and a further, slightly tenuous, connection is made
between the latter and the behaviour of a short
crack. Here we do not attempt to make further
progress on the predicted behaviour of very short
cracks, nor to contribute to the discussion on the
precise reasons for their ‘propagation’ to form con-
ventional longer cracks, but we focus on the question
of how asymptotic mechanics may be used to quan-
tify how ‘crack-like’ a particular notch is. Prima facie
there would seem to be little connection between a
notch, which, if rounded, produces a stress concen-
tration and the classical crack-tip singular field; but
this need not be so. In practice, cracks grow by the
exhaustion of ductility within a small process zone,
and the local plastic flow process is therefore
controlled by an elastic hinterland at some finite
distance from the crack root. We argue that if the
local elastic conditions surrounding the plastic
zone, itself encompassing the process zone at a
notch root, and those at a crack tip are broadly simi-
lar, then the quantities controlling the plastic
exhaustion and, therefore, the crack propagation
rate, may be captured by a conventional crack-tip
stress intensity factor, and recipes for doing this are
adduced. There are also, of course, a wide range of
cases where the notch plastic zone is very different
in character from that at a crack-tip, and these are
separated out explicitly.
It is illuminating, first, to consider a set of six
related problems, shown schematically in Fig. 1,
and to discuss the origin and nature of the funda-
mental differences between the various stress states
present; all are assumed to be subject to ‘mode I’
loading. We emphasize that the sketches on the left
depict the three key features (crack, sharp notch,
radiused notch) as edge effects purely for illustrative
purposes and that the arguments to be developed
apply equally well when they are present in any
finite component. The solutions to these problems
have to be found by a numerical method (such as
finite elements). On the right are shown the three
corresponding features, but of semi-infinite extent.
The solution to these three problems may all be
found in closed form (the first two by the classical
Williams [7] asymptotic wedge analysis and the last
from the recent solution by Filippi et al. [8]). For
each pair of problems (FC–SC, FS–SS, FR–SR), the sol-
utions have the same form as the tips of the features
are approached (points A and B). Thus, the pairs of
solutions diverge only in their far fields. Now con-
sider the semi-infinite sharp notch (SS) and the
semi-infinite rounded notch (SR). These solutions
asymptotically converge as the observation points
become remote from the apex of the notches, but
diverge as the notch root is approached. Lastly, con-
sider the semi-infinite crack (SC) and the semi-infi-
nite sharp notch (SS). The solution to these
problems can each be written down in the form sij 
rl1fij u; að Þ, where a is the semi-angle of the notch,
l(a), and a! 0 in the case of the crack itself. It fol-
lows that the difference in average magnitude
between these two solutions can be eliminated at
any chosen radius by appropriate scaling of the sol-
utions, and that the remaining intrinsic difference
lies in the polar variation of stress (itself independent
of r), together with the domain over which the sol-
ution applies (pþ a4 u4 p a, see Fig. 4). The
reason that this sequence of solutions and their
inherent discrepancies are relevant is as follows: in
fracture mechanics, we normally wish to predict
the monotonic fracture or fatigue behaviour of pro-
blems of class (FC). We do this by embedding sol-
ution SC, scaled so that for small values of r the two
solutions are the same. The scaling quantity is the
stress intensity factor, and the small-scale yielding
requirement means that the plastic zone, together
with a substantial portion of the controlling elastic
hinterland, must lie in a region where the two sol-
utions coincide. When this condition is satisfied,
the scaling factor to match FC and SC, the stress
intensity factor, controls both monotonic and fatigue
failure.
If we wish to speculate on the possible application
of a crack propagation law to quantify growth from
a notch, we require the plastic zone to be contained
within an elastic region which, as far as possible,
matches that of a crack. If, for example, we are inter-
ested in a semi-infinite, sharp notch, we can compare
solutions SS and SC and attempt to match them as
closely as possible. If, now, we wish to apply the
same principles to a finite notch, we have to ensure
that the process zone does not stray into the region
in which solutions SC and FS diverge unacceptably.
Lastly, if we wish to attempt an equivalent matching
problem for a finite rounded notch (FR), we need to
compare its characteristics with solution SC. From
the figure, it is clear that the plastic zone must not
be too large, so that the free surface has a big effect
(small-scale yielding requirement), and so that pro-
blem FR may be replaced by an equivalent problem
SR. Further, if we are to replace solution SR by solution
SS, then the plastic zone must be sufficiently big for
the finite root radius to have a negligible effect.
From there, solution SS may be matched to SC.
2 FORMULATION
The approach we will use in this article is to use a
set of closed form elastic asymptotic solutions to
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characterize the forms of the plastic zones for the
crack tip and notches. These characteristics will be
compared, and they will then be applied to sample
edge notch problems. The aim will be to determine
how closely the various notch plastic zones match
these at a crack tip and under what conditions.
2.1 Rounded finite slot
The first problem we shall examine is that of an edge
crack or slot (Fig. 2(a)), subject to uniform remote
loading. A detailed study has already been published
[9] and so here only an outline of the results will be
given. The problem may be viewed as a special
case of geometry (FR), but it has an additional
attribute which the tapered notch does not have:
remote from the notch root (r  r), the stress state
asymptotically approaches that of the corresponding
edge crack (FC).
If the notch is sufficiently deep (r=b 1), the
stress state remote from the surface may be approxi-
mated by the solution for a semi-infinite rounded
slot (Fig. 2(b)), and this will be written down first.
This has a closed-form solution which may be
scaled to fit within the finite element (full field) sol-
ution so that it correctly captures the local behaviour.
A very high-quality but approximate analytical sol-
ution to the semi-infinite rounded slot solution was
published by Filippi et al. [8]. Strictly speaking, this
is the first term in a series expansion solution, but,
Fig. 1 Related problems to be solved
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in fact, the accuracy is high and the boundary
conditions are satisfied exactly in the close neigh-
bourhood of the notch tip and far from it. In polar
coordinates, centred as shown in the figure (with
r0 ¼ r=2), the stress state is given by
sij(r,u) ¼ KIﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p ½ fij(u)þ gij(r,u) (1)
where the spatial fij(u) distribution is given by
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and the functions gij r,uð Þ, whichmay be thought of as
the perturbation of the singular field (valid when
r ¼ 0), are given by
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where KI is the stress intensity factor. If we consider
points remote from the notch root (r=r 1), the
second set of terms in these solutions becomes
small, and the stress state is dominated by the
first set. These are precisely the same as those in
the Irwin–Kolosov solution for crack-tip behaviour
(problem SC), and it may now be seen that the quan-
tity KI is, in fact, the crack-tip stress intensity factor.
It follows that, remote from the notch root, the stress
state approaches that of a sharp, semi-infinite crack.
Hence, if the plastic zone extends to a region where
the first term of equation (1) dominates the stress
state, the rounded slot-root solution approaches
that of a crack root, and crack propagation laws
might reasonably be expected to describe growth.
Thus, there is a minimum load, below which the
plastic zone will be unduly influenced by the pre-
sence of the radius, as the ‘rounded slot’ and
‘crack’ solutions diverge. A detailed comparison of
the solutions is given in Dini and Hills [9]. In sum-
mary, and using von Mises parameter as a measure
of stress, for a 5 per cent acceptable mismatch
ahead of the crack KI=(k
ﬃﬃﬃ
r
p
)5 10:2 is required,
where k is the yield stress in pure shear, whereas if
a 10 per cent mismatch can be tolerated, the corre-
sponding minimum load is 8:5. Note that these
‘lower bounds’ to the acceptable load range are
being inferred from semi-infinite solutions so that
they apply to any geometry through the calibration
for KI . They are, therefore, universal in nature.
We turn, now, to the maximum load which can be
applied before the presence of the free surface starts
to be felt and the semi-infinite crack solution (SC)
starts to diverge from the finite crack solution (FC).
This is the limit of so-called ‘small-scale yielding’, a
classical concept in fracture mechanics [10]. Unlike
the lower bound, which is a universal result, the
upper bound is geometry-dependent, and for
the case of uniform remote tension, s0, divergence
between the semi-infinite crack and finite edge
crack of length b was treated in detail in Dini and
Hills [9]. It was shown that for the plastic front to
be completely contained within a particular error
Fig. 2 (a) Finite rounded edge crack and (b) semi-infinite rounded edge crack
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contour, the following upper-load bounds applied: to
attain matching at the levels of 5, 10, or 20 per cent
puts an upper bound on (s0=k) of 0.036, 0.149, and
0.521, respectively.
These results are summarized in Fig. 3, which gives
the range of permissible loads (s0=k) for the specific
case of the edge slot. They are given as a function of
r=b and represent the conditions under which the
Fig. 3 Range of permissible normalized load (s0=k) as a function of r=b, to achieve
characterization of the process zone by the singular solution for the case of a rounded
edge crack under uniform remote tension, within a given discrepancy: (a) 5 per cent
and 7 per cent and (b) 20 per cent and 40 per cent
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process zone of an edge rounded slot may be charac-
terized by the singular solution (semi-infinite crack
under pure tension). Curves are shown for different
values of mismatch by up to 40 per cent.
Thus, the rounded slot may rigorously be approxi-
mated by a crack under certain conditions, because
the asymptotic fields of the two problems coincide.
Those conditions are partly specified by the root
radius, which controls the lower load bound, and
partly by the depth of the notch, which controls the
upper load bound.
2.2 Vee-notch
The problem we wish to consider next is the sharp
vee-notch of finite depth as shown in Fig. 4(a), a pro-
blem which falls into class (FS). This problem was
partially treated in Dini and Hills [11] and so only a
summary is given here, with a slightly different
emphasis. Thus, in contrast to the last problem, there
is a singular local notch root field present, although
the order of singularity is less than that of a crack.
To permit a comparison with problem (SC), we shall
proceed in two stages. First, we consider the semi-
infinite vee-notch, of total included angle within
thematerial 2p 2a (Fig. 4(b)), giving a universal sol-
ution, devoid of free surfaces, but containing all the
characteristics of the notch root. The stress state for
this problem may be found directly using Williams’
asymptotic method [7]. First, it should be noted
that the stress varies as sij  rl1, where for mode I
loading, the characteristic form of the solution is
sij(r,u) ¼ K I rl1fij(u; a) (4)
and l is the solution of the following equation
sin (lqp)þ l sin (qp) ¼ 0 (5)
where
q ¼ 2p 2a
p
, (6)
a is the semi-angle of the notch and K I the scaling
factor. A slightly non-standard form of the spatial dis-
tribution fij(u; a) is appropriate here, for consistency
with the nomenclature used by Filippi et al. [8]
(again this solution is not identically true, but the
traction-free boundary is satisfied exactly in the close
neighbourhood of the notch tip and far from it),
already used for the rounded-slot. It is
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where (this nomenclature is that adopted by Filippi
et al. [8])
xb1 ¼ 
sin 1 lð Þqp=2 
sin 1þ lð Þqp=2  (8)
Fig. 4 (a) Finite depth vee-notch and (b) semi-infinite vee-notch
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Clearly, unless the notch has an internal angle of 2p,
in which case we revert to the earlier problem, the
exponent in the notch problem will constitute a
weaker singularity than that present at the crack-tip.
It follows that the stress gradients within a cracked
component and a notched component cannot be
the same. Let us, though, examine the characteristics
of the two solutions. Because the solution of each is of
the ‘variables-separable’ form, it is meaningful to
compare the magnitudes and spatial distributions
separately. Consider, first, the polar spatial variation.
Any component of stress might be used for the com-
parison, but it would seem to be sensibly to use, first,
the quantity of greatest physical relevance here, that
is, the von Mises stress invariant, J2. This is given by
J2
(K I rl1)
2
¼ 1
6
½( frr  fuu)2 þ ( fuu  fzz)2
þ ( fzz  fuu)2 þ f 2ru ; D(u,a) (9)
Figure 5(a) shows the value of
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
J2(u; a)=J2(0;a)
p
, for
values of a between 0 (the crack itself ) and p radians.
Plane strain is assumed and hence
fzz ¼ n(frr þ fuu) (10)
with Poisson’s ratio, n, set to 0.32. Although the range
of the functions becomes truncated as the value of a
is increased, and therefore the shape of the implied
plastic zone must inevitably vary from one notch to
other (and between the notch and a crack), the polar
variation is relatively consistent, particularly in the
region ahead of the notch centreline (u  0). Indeed,
it is remarkable that as the value of a is increased
from zero,
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
J2(u; a)=J2(u; 0)
p
in the range (04 u4
p=2) first increases, and then decreases, so that by
the time 2a  788, the curve is virtually identical with
that of the crack. Further increases in a leads to a
monotonically increasing discrepancy between the
solutions. A second relevantmeasure of the character-
istic stress fields is the notch root opening stress, suu,
and this is shown in Fig. 5(b). In the region of interest
(u  0), there is relatively little spread. Finally, theplas-
tic zone extent is re-plotted in polar form in Fig. 5(c),
and this gives an impression of the form of the process
zone: its most noteworthy feature is the closeness of
the plots for notches between 2a ¼ 08 (the crack) and
2a ¼ 908. The initial conclusion we draw from these
calculations is that the shape of the plastic zone for
quite a wide range of notch angles may not be very
different from that of a crack, although, of course,
only within the material. This self-evident remark is
added because clearly, as the value of a is decreased,
so the plastic zone is truncated.
From here, we turn to a calculation of the optimal
stress intensity factor in order to scale a crack, and to
best represent a notch. In Fig. 5(c), plots have been
matched to each other at a ¼ 0 but this may be
improved upon (and this is particularly relevant for
cases where 2a becomes bigger than, say, 1208).
The objective is to deduce the relationship between
the stress intensity factors for a sharp notch
and that for a crack, such that the process zone in
the notch and ‘equivalent’ crack problems are
matched as nearly as possible. To do this the shape
and size of the yield fronts of the two problems are
compared (rn(u), rc(u), respectively) by setting
ﬃﬃﬃﬃ
J2
p
to the yield stress in pure shear, k for each
k2 ¼ (K I rl1n )Dn(u,a) notch (11)
k2 ¼ (KIr1=2c )2Dc(u, 0) crack (12)
where the subscripts c and n have been added to indi-
cate that they refer, respectively, to crack and notches.
The size of the yield front is then given by
rn(u,a) ¼ K

I
k
 1=(l1)
½Dn(u,a)1=(2(l1)) (13)
rc(u,p) ¼ KI
k
 2
Dc(u, 0) (14)
The best match of the process zones will be found
by equating the mean values of equation (13) and
(14) that is
rn(a) ¼ rc
where
rn(a) ¼ K

I
k
 1=(l1)
Dn(a) (15)
rc ¼ KI
k
 2
Dc (16)
and
Dn(a) ¼ 1
p
ðp
0
Dn(u,a)½ 1=(2(l1)du (17)
Dc ¼ 1
p
ðp
0
Dc(u,a) du (18)
As the solution includes the stress intensity factor,
K I , for a finite notch, it is not possible to proceed
further with this calculation without making it
specific to the particular geometry in question, here
the edge vee-notch. As an example, we shall consider
the one shown in Fig. 6, which shows a large plate
with 2a ¼ 908 edge notch, under uniform tension,
so, and which was studied by Dini and Hills [11].
The stress intensity factor, defined as K I ¼
r1lsuu(r, 0) lim r ! 0, can be evaluated by
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Fig. 5 Measures of the characteristic stress fields of semi-infinite sharp notches and semi-infinite
crack. (a) von Mises yield parameter, (b) notch root opening stress, and (c) measures of the
characteristic stress fields of semi-infinite sharp notches and semi-infinite crack: plastic
zone polar plot
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multiplying the values of the stress component suu
along the notch bisector by r1l and extrapolating
the values obtained in the neighbourhood of the
notch tip to r ¼ 0. In general, the stress intensity
factor may be written in the form
K I ¼ L(l)(sob1l) (19)
and, then back-substituted in equation (15). This
gives the following general expression for the ‘equiv-
alent’ crack stress intensity factor as
KI ¼ so
ﬃﬃﬃﬃﬃﬃ
pb
p k
so
 
L(l)1=(2(l1)ﬃﬃﬃ
p
p so
k
 1=(2(l1))

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Dn(l)
Dc
s 3
5 (20)
where
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
( Dn(l))=( Dc)
q
is shown in Fig. 7 as a function
of the only independent variable, the notch angle 2a.
In this form the result is of general applicability. The
‘correction’ is clearly larger the further the notch is
from a crack. For this specific geometry
L(l) ¼ 0:927 (21)
and KI is given by
KI ¼ 0:539 so
k
 0:098
so
ﬃﬃﬃﬃﬃﬃ
pb
p
0:539so
ﬃﬃﬃﬃﬃﬃ
pb
p
(22)
Figure 8 displays a comparison of the notch tip fields.
Three sets of contours are shown: the first is a
measure of the fractional mismatch between the
finite notch (problem FS) and the corresponding
best-fit semi-infinite crack, as derived earlier (pro-
blem SC), for the particular edge-notch problem
Fig. 5 (Continued)
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solved. As there is no obvious universal measure, we
could, for example, use any individual stress com-
ponent, a combined stress parameter of direct rel-
evance is used, the von Mises stress invariant J2.
The figure also shows contours of position of plastic
front for various values of applied load. Clearly, diver-
gence between them will increase as the presence of
the free surface is felt, that is, as we move away
from the notch tip, and therefore the limit we derive
for the load is equivalent to that of the ‘small-scale
yielding’ requirement in fracture mechanics. For
example, if we are prepared to tolerate a mismatch
of 10 per cent between the finite notch problem and
the semi-infinite crack problem at the process zone
front, the maximum acceptable load is so=k ¼ 1:1. It
should be noted that, as we matched the two solu-
tions at a finite radius (that given by the position of
the plastic front), the mismatch plot also shows a
small discrepancy in the region really close to the tip.
This proceduremay be used to gauge the practicabi-
lity of treating a deep notch as a crack, insofar as the
process zone fields may be judged to be similar. It is
particularly noteworthy that the presence of the free
surface is felt more by a crack of a particular depth
Fig. 6 Example problem: finite sharp notch. FEM geometry
Fig. 7 Eigenvalues (l) and vonMises average parameter ratio (
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
( Dn(l))=( Dc)
p
) as a function of the
opening angle 2a
36 D Dini and D A Hills
Proc. IMechE Vol. 220 Part C: J. Mechanical Engineering Science C16604 # IMechE 2006
Fig. 8 (a) Discrepancy between solutions for the finite sharp notch and the semi-infinite
calibrated crack, together with process zone front locations for both the solutions for a
given remote load (s0=k). (b) General view of discrepancy and edge sharp notch plastic
fronts contours
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than by a notch of the same depth. In the case of the
edge crack, in order for the plastic zone to be com-
pletely surrounded by an elastic hinterland where
the fractional difference between the singular solu-
tion and the finite crack solution does not exceed
20 per cent, themaximum remote stress s0=kmay not
exceed 0.52. In contrast, the 908 finite vee-edge notch
may support a remote load of s0=k91:44 before it
fails to look like a crack to the samedegree of accuracy!
This remarkable and unexpected result arises because
when the free surface is introduced, the removal of
material occurs at a rather greater distance from the
notch root than it does for a crack of the same depth.
The same trend should not be expected when other
remote boundaries are introduced.
2.3 Radiused notch
The last problem we wish to consider in this article is
the notch of finite root radius present in a finite body
(problem FR) and to make a comparison of its near-
root behaviour with that of the semi-infinite crack
(problem SC). There are at least two ways we could
interpolate between these figures: one way would be
to idealize the finite radiused notch by a finite sharp
notch, to replace the latter by a semi-infinite vee-
notch, and then that, in turn, by the semi-infinite
crack. The sequence FR ! FS ! SS ! SC seems per-
fectly viable. However, a much better sequence
would seem to be to replace the finite rounded
notch by the semi-infinite rounded notch. To replace
it, in turn, by the semi-infinite sharp notch, and then
lastly to collocate it with the semi-infinite crack. The
reason that this seems preferable is that, in adopting
the sequence FR ! SR ! SS ! SC , the first step
isolates the effect of the free boundary, and therefore
the divergence of the far field, whereas the second
step corresponds explicitly to a divergence of the
near field, and as the solutions to problems SS, SC
are each of the ‘variables-separable’ kind, as discussed
earlier, the matching of the process zones may be
done in a way which is independent of geometry.
In the spirit of the earlier investigations,weconsider
the radiused edge vee-notch as shown in Fig. 9(a) as
an example of a radiused notch in a finite body.
This problem must be solved by the finite-element
method, but the corresponding semi-infinite form
(SR) (Fig. 9(b)) has an analytical solution recently pub-
lished by Filippi et al. [8], a special form of which has
already been discussed. That article should be con-
sulted for details, but here we shall be content to
extract the key results needed. We will define a gener-
alized stress intensity factor which may be used to
scale the field so that, when points near to the root
of the finite problem are considered, the two may be
made to coincide. Thenomenclature usedhere is con-
sistent with the special form of the solution, already
introduced,when thenotch faces areparallel, forming
a slot. We write the stress state in the form
sij(r, u) ¼ K I ,rrl1 fij(u,a)þ
r
r0
 ml
gij(r, u,a)
" #
(23)
where the functions fij(u,a) define the behaviour of
the stress state remote from the notch root, and
have been defined earlier in the description of the
sharp semi-infinite notch: they are the same as the
eigenfunctions given by the Williams’ solution [7],
Fig. 9 (a) Finite depth radiused vee-notch; (b) radiused semi-infinite vee-notch
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andK I ,r is the generalized stress intensity factor for the
radiused notch. The exponent m l (m is defined
below) always satisfies the condition l 1 , m
l , 0, so that the second set of functions gij(r, u,a),
becomes small, remote from the notch root, but
becomes important as the notch root is approached.
They are given by
guu
grr
gru
8<
:
9=
; ¼
q
4(q 1)½(lþ 1)þ xb1(1 l)

xd1
(1þ m) cos ½(1 m)u
(3 m) cos ½(1 m)u
(1 m) sin ½(1 m)u
8<
:
9=
;
þxc1
cos ½(1þ m)u
 cos ½(1þ m)u
sin ½(1þ m)u
8<
:
9=
;
0
BBBBBB@
1
CCCCCCA
2
66666666664
3
77777777775
(24)
Here
r0 ¼ r(q 1)
q
(25)
and
xc1 ¼ (1 m)2 
1
q
(1þ m)
 	
½3 l xb1(1 l)


(3 m)11

(26)
xd1 ¼
1 q(1þ m)
q
 	
½3 l xb1(1 l)  11

 
(27)
where
11 ¼ (1 l)2 þ xb1(1 l2)
1
q
(1þ l) 1
q
xb1(1 l)
(28)
and m is given by the implicit solution of the following
equation
0 ¼ 1 q(1þ m)
q
 	
½3 l xb1(1 l)  11

 
 (1þ m) cos (1 m)qp
2
h i
þ


(1 m)2  1
q
(1þ m)
 	
½3 l xb1(1 l)
 (3 m)11

(1þ m) cos (1þ m)qp
2
h i
(29)
To proceed further, a specific example will be
described. In fact, an edge notch in a finite plate was
considered, broadly the same as the sharp notch
problem depicted in Fig. 6, but with a root radius, r,
which was set to either 0.05 or 1.0 mm. Finite-element
analyses were then carried out using the commercial
FEM programme ABAQUS 6.2. The usual precautions
in generating an appropriately graded mesh and
in ensuring convergence were taken, although, of
course, the solution contains no singularities and is
therefore well behaved. The problem of collocating
the asymptotic solution differs from those usually
encountered in crack and notch problems, insofar as
the local field is bounded. Clearly, any component of
stress in the neighbourhood of the notch root may be
used for this purpose, but the suu component of stress
is finite in this region, and hence provides the most
sensitive measure. The values of the generalised stress
intensity factor (note that K I ,r ¼ limr!0 (suur1l) and
results in a dimensional parameter whose units are
½F=Llþ1) derived in this way are K I ,r ¼ 2:544 for r=b ¼
0:005 and K I ,r ¼ 2:68 for r=b ¼ 0:1. Plots of thematch-
ingsuu components along thenotchbisector are shown
in Figs. 10(a), and (b). Figure 10(c) shows contours of
the discrepancy in the elastic states implied by the
two solutions, using, this time, the suu stress com-
ponent already used to collocate the solution.
Once the generalized stress intensity factor has
been found, it is possible to proceed in two ways;
first, the region in which the semi-infinite rounded
notch and the finite rounded notch solutions
match may be found. This sets, in practice, the maxi-
mum load that may be sustained such that the
process zone form is characterized by the SR solution,
and the effect of the free boundaries is small. To find
this, a comparison between the semi-infinite and the
finite radiused solutions in terms of process zones is
needed. As an example, Fig. 11 shows two sets of con-
tours displaying the plastic fronts for problem FR and
the discrepancy SR and FR in the case of r=b ¼ 0:005:
Second, we can proceed immediately to determine
the minimum load which must be applied for the
radiused notch to behave like a sharp notch. To do
this, we consider the solutions to problems SS and
SR, which are universal in nature and independent
of the finite problem under consideration. The alge-
bra relating to these two problems has already been
considered in detail and is encapsulated in equations
(4) and (23). The principal difference between these
solutions is the presence of the functions gij(r,u,a)
in the latter. Figure 12 displays the mismatch
between these two problems, leaving the generalized
stress intensity factor as the intrinsic scaling quan-
tity, and for the specific notch angle 2a ¼ 90W. There-
fore, the lower bound load is expressed in terms of
K I ,r=(kr
1l), for different values of mismatch.
This result may be applied to the specific problem
just studied, by substituting the calibration values
found for the generalized stress intensity factors.
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Fig. 10 Deduction of the generalized stress intensity factor for the radiused edge notches and
comparison between the FE and calibrated analytical solution for the opening stress
component both along the notch bisector for (a) r ¼ 0:05(K I ,r ¼ 2:544) and (b)
r ¼ 1(K I ,r ¼ 2:68). (c) Comparison between the FE and the calibrated analytical
solution for the opening stress component at the notch tip for r=b ¼ 0:1
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Fig. 10 (Continued)
Fig. 11 Discrepancy contour plot for problems Sr and Fr and process zone front locations
(problem Fr) for a given remote load (s0=k) and r=b ¼ 0:005
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This shows that there is no possibility for a crack to
look like a 908 notch when r=b ¼ 0:1 for any value of
allowable discrepancy, owing to the high values of
lower load bounds (s0=k ¼ 4:05 for amaximum toler-
able discrepancy of 10 per cent and s0=k ¼ 2:57 for a
maximum tolerable discrepancy of 20 per cent). A
semi-infinite crack can look like a 908 notch when
r=b ¼ 0:005. In particular, the two solutions agree
within a 15 and 20 per cent mismatch for, respec-
tively, normalized applied loads of 0:658 , s0=k ,
1:218 and 0:531 , s0=k , 1:425. However, matching
within a 10 per cent discrepancy cannot be achieved
(Fig. 11).
The last phase of the calculation is to compare
problems SC with SS, but this has already been
done, earlier, in relation to the sharp finite notch.
Comparisons between the eigenfunction of the
semi-infinite crack and semi-infinite sharp notches
(Fig. 5) show that, up to and including an angle of
2a ¼ 908, the state of stress surrounding the tip of
the defect and the relative plastic zones are com-
parable, and hence, the same kind of mismatch
obtained between solution SS and SR is expected to
be held for problem SC and SR.
3 SUMMARY
We havemade a comparison of the stress fields in the
neighbourhood of several features, to compare their
characteristics and to see how ‘crack-like’ they are.
We have argued that, for a feature to behave in a
(semi-infinite) crack-like way, the process zone
must satisfy two requirements.
1. It must be sufficiently small for the effects of the
free boundaries of the body to be small. This is
the classical concept of ‘small-scale yielding’,
but we have applied it here also to radiused
slots, sharp vee-notches, and radiused vee-
notches, all of surface-breaking form.
2. It must be sufficiently large for the presence of a
radius at the tip of the feature not to have a signifi-
cant effect on the process zone. The simplest way
to answer how small the radius must be (or
equivalently, what the minimum acceptable load
is) is to state that the characteristic dimension of
the plastic zone must be large when compared
with the radius. Here, we have taken a more rigor-
ous approach and looked explicitly at the
Fig. 12 Discrepancy between solutions for problems Sr and Ss, together with process zone front
locations, for a given normalized stress intensity factor, K I ,r=(kr
1l), for 2a ¼ 908
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divergence of the solutions. We then argued that
the mismatch present at the inner boundary of
the process zone should be not higher than the
implied mismatch between the finite and semi-
infinite fields at the outer boundary for the validity
of the singular field not to be impaired.
From there we have gone on to compare explicitly
the characteristics of the sharp semi-infinite vee-
notch with those of a crack, and to show that,
under a wide range of conditions, the local feature-
tip stress fields may be made very similar indeed by
appropriate scaling, at least up to a wedge of total
internal angle of 608. A combination of these results
permits the relative fidelity of a semi-infinite crack
idealization to be judged, and, in particular, for the
validity of representing a general edge notch to
be represented by a crack to be assessed. Results
mapping the semi-infinite features (a radiused slot,
radiused vee-notch, sharp vee-notch) into a semi-
infinite crack are universal in nature and may be
applied to these entities in any finite geometry.
A particularly powerful feature of the approach
is that the nesting of the ‘radiused’ and ‘sharp’ solu-
tions may be done on a ‘once and for all’ basis, for
any particular notch angle, including 08. It is not
necessary to re-solve the problem of a radiused
feature (crack or notch) within a finite body, as the
scaling factor between the two asymptotes is pro-
vided automatically by the generalized stress inten-
sity factor. This is defined by matching the outer
(sharp) asymptote into the local stress field for the
finite body.
Attention has been restricted to problems invol-
ving plane deformation and, more importantly, to
symmetrical notches with opening-mode loading.
Unsymmetrical notches and more complex far
fields will introduce many complicating features,
not least mixed-mode loading.
4 CONCLUSIONS
The article describes a quantitative comparison of
cracks and notches, sharp and with rounding, semi-
infinite, and infinite bodies. It is at pains to display
the transition in characteristic behaviour of the
stress field at the tip of a rounded notch, as the
aspect ratio of the notch changes. In this respect,
the work is complementary to the articles of Fett
[12, 13] and others, which often consider the crack-
tip stress intensity factors for a sharp crack ema-
nating from a rounded notch. Here, the stress
intensification is caused by the rounded notch
itself.
The article has shown that the elasticity solutions
for plane cracks and notches have properties in
common. Sharp features have singular fields which
have been compared quantitatively. Rounding
locally changes the nature of the problem from one
of a stress intensification to stress concentration,
but remotely the sharp and rounded problems may
be quite similar in form. In contrast, the presence
of remote boundaries in finite problems causes all
notch and crack fields ultimately to diverge. The
interplay between these different trends has been
treated by reference to the specific example of edge
notches and cracks.
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